An asymptotically exact two-dimensional theory of functionally graded piezoelectric shells is derived by the variational-asymptotic method. The error estimation of the constructed theory is given in the energetic norm. As an application, analytical solution to the problem of forced vibration of a functionally graded piezoceramic cylindrical shell with thickness polarization fully covered by electrodes and excited by a harmonic voltage is found.
Introduction
Functionally graded materials (FGM) were first invented by a group of Japanese scientists [36, 21] and have been since then widely used in smart structures for the active vibration control [17, 18] . Such smart structures in form of plates or shells are quite often made of the functionally graded piezoelectric (FGP) materials whose electroelastic moduli vary through the thickness [48] . If oscillating voltages, as external excitations, are controlled on electrodes covering faces or boundaries of such structures, then, under certain conditions, the structures may exhibit anti-resonant regime that can be used to eliminate unwanted vibrations [39] . Mention that, from the formal mathematical point of view, smart sandwich structures with piezo patches bonded to elastic layers [1, 11, 12, 45 ] also belong to the FGP-structures with piecewise constant electroelastic moduli.
Due to the above mentioned inhomogeneous material properties of FGPstructures, the problems of their equilibrium and vibration admit exact analytical solutions of the three-dimensional theory of piezoelectricity only in a few exceptional cases (see, e.g., [52, 46, 37, 14] and the references therein). By this reason different approaches have been developed depending on the type of the structures. If FGP-plates and shells are thick, no accurate twodimensional theory can be constructed, so only the numerical methods or semi-analytical methods applied to three-dimensional theory of piezoelectricity make sense [34, 13, 47] . However, if FGP-plates and shells are thin, the reduction from the three-to two-dimensional theory is possible and different approximations can be constructed. Up to now two main approaches have been developed: (i) the variational approach based on Hamilton's variational principle and on some ad-hoc assumptions generalizing Kirchhoff-Love's hypothesis to FGP-plates and shells [17, 16, 50, 51] 2 , (ii) the asymptotic approach based on the analysis of the three-dimensional equations of piezoelectricity, mainly for the laminated FGP-plates [10, 49, 33] . The disadvantage of the variational approach is the necessity of having an Ansatz for the displacements and electric field that is difficult to be justified, while simplicity and brevity are its advantages. The asymptotic method needs no a priori assumptions; however, the direct asymptotic analysis of the 3-D differential equations of piezoelectricity is very cumbersome. The synthesis of these two approaches, called the variational-asymptotic method, first proposed by Berdichevsky [2] and developed further by Le [29] , seems to avoid the disadvantages of both approaches described above and proved to be quite effective in constructing approximate equations for thin-walled structures. Note that this method has been applied, among others, to derive the 2-D theory of homogeneous piezoelectric shells by Le [24, 27] , the 2-D static theory of purely elastic sandwich plates and shells by Berdichevsky [4, 3] , the theory of smart beams by Roy et al. [42] , the theory of low-and high frequency vibration of laminate composite shells by Lee and Hodges [31, 32] , and just recently, the theory of smart sandwich shells by Le and Yi [30] . Note also the closely related method of gamma convergence used in homogenization of periodic and random microstructures [8] and dimension reduction of plate theories [15] .
The aim of this paper is to construct the rigorous first order approximate two-dimensional FGP-shell theory by the variational-asymptotic method. We consider the FGP-shell whose electroelastic moduli vary in the thickness direction. The dimension reduction is based on the asymptotic analysis of the action functional containing small parameters that enables one to find the distribution of the displacements and electric field from the solution of the so-called thickness problem. Using the generalized Prager-Synge identity for the inhomogeneous piezoelectric body, we provide also the error estimation of the constructed theory in the energetic norm. We apply this theory to the problem of forced vibration of a functionally graded piezoceramic cylindrical shell with thickness polarization fully covered by electrodes and excited by a harmonic voltage. The exact analytical solution to this problem is found.
The paper is organized as follows. After this short introduction the variational formulation of the problem is given in Sections 2 and 3. Sections 4,5 are devoted to the asymptotic analysis of the action functional. In Section 6 the two-dimensional theory of FGP-shells is obtained. Section 7 provides the error estimation of the constructed theory. Section 8 presents the exact analytical solution to the problem of forced vibration of a circular cylindrical FGP-shell. Finally, Section 9 concludes the paper.
Variational principle of piezoelectricity
Let V ⊆ R 3 be a domain of the three-dimensional euclidean space occupied by a linear and inhomogeneous piezoelectric body in its stress-free undeformed state. A motion of this body is completely determined by two fields, namely, the displacement field w(x, t), and the electric potential ϕ(x, t). For simplicity we will consider the case of purely electrical loading on the body, which corresponds to specifying the value of the electric potential on the electrodes. Let the boundary of the body, ∂V, be decomposed into n + 1 twodimensional surfaces S are covered by electrodes. We assume that the electrodes are infinitely thin so that their kinetic and electroelastic energies can be neglected compared with those of the body. On these electrodes the electric potential is prescribed
Hamilton's variational principle of piezoelectricity (see, e.g., [27, 29] ) states that the true displacementw(x, t) and electric potentialφ(x, t) of an inho-mogeneous piezoelectric body change in space and time in such a way that the action functional
becomes stationary among all continuously differentiable functions w(x, t) and ϕ(x, t) satisfying the initial and end conditions
as well as constraints (1) . The integrand in the action functional (2) is called Lagrangian, while dv is the volume element and the dot over quantities denotes the partial time derivative. In the Lagrangian T (x,ẇ) describes the kinetic energy density given by
with ρ(x) being the mass density. Function W (x, ε, E), called electric enthalpy density, reads
where ε is the strain tensor
while E the electric field E = −∇ϕ.
Applying the standard calculus of variation one easily shows that the stationarity condition δI = 0 implies the equations of motion of piezoelectric body (including the equation of electrostatics)
where the stress tensor field σ and the electric induction field D are given by
We call c E (x) the (fourth-rank) tensor of elastic stiffnesses, e(x) the (thirdrank) tensor of piezoelectric constants, while ǫ S (x) the (second-rank) tensor of dielectric permittivities. 4 For the elastic (dielectric) material e(x) = 0, so it is the degenerate case of piezoelectric material. Substituting the constitutive equations (6) into (5) and making use of the kinematic equations (3) and (4), we get the closed system of four governing equations for four unknown functions w i (x, t) and ϕ(x, t). These equations are subjected to the following boundary conditions
and (1), where n is the unit outward normal vector to the boundary.
Variational formulation for FGP-shells
Let Ω be a two-dimensional smooth surface bounded by a smooth closed curve ∂Ω. At each point of the surface Ω a segment of length h in the direction perpendicular to the surface is drawn so that its center lies on the surface. If the length h is sufficiently small, the segments do not intersect each other and fill the domain V occupied by a shell in its undeformed state shown schematically in Fig. 1 , with Ω being the shell middle surface. Thus, the undeformed shell occupies the domain specified by the equation
where
is the equation of the middle surface Ω, and n i (x α ) are the cartesian components of the normal vector n to this surface. We shall use h Ω Figure 1 : A portion of a shell Latin indices, running from 1 to 3, to refer to the spatial co-ordinates and the Greek indices, running from 1 to 2, to refer to the surface co-ordinates x 1 and x 2 . The curvilinear co-ordinates x α take values in a domain of R 2 , while
We analyze the forced vibration of the shell made of a functionally graded piezoelectric material. Let Ω ± denote the face surfaces of the shell corresponding to x = ±h/2 in the above equation. We consider three methods of electrode arrangement encountered most often:
(i) There are no electrodes on the face surfaces of the shell (unelectroded face surfaces). The edge of the shell is partially electroded (see Figure  2 ). Thus, we assume that the contour ∂Ω is decomposed into open h Ω 
On the unelectroded portion of the boundary the electric charge should vanish.
(ii) The face surfaces Ω ± are fully coated by the electrodes. They form two equipotential surfaces where
The difference between these values, ϕ 0 (t), is called voltage for short.
(iii) The face surfaces of the shell are only partially coated by electrodes on S e± ⊂ Ω ± . The remaining face surfaces S d± are uncoated. This case can be regarded as the mixed situation of the two cases above.
For the asymptotic analysis of the FGP-shell inhomogeneous in the normal direction it is convenient to use the curvilinear coordinates {x α , x} introduced above and the co-and contravariant index notation for vectors and tensors, with Einstein's summation convention being employed. In this coordinate system the action functional reads
where κ = 1 − 2Hx + Kx 2 (with H and K being the mean and Gaussian curvature of the middle surface, respectively) and da denotes the area element of the middle surface. The explicit dependence of the Lagrangian on the transverse coordinate x of this functionally graded material is precisely indicated. The kinetic energy density becomes
where a αβ are the contravariant components of the surface metric tensor, while w α and w are the projections of the displacement vector onto the tangential and normal directions to the middle surface
The electric enthalpy density W reads
The problem is to replace the three-dimensional action functional by an approximate two-dimensional action functional for a thin FGP-shell, whose functions depend only on the longitudinal co-ordinates x 1 , x 2 and time t. The possibility of reduction of the three-to the two-dimensional functional is related to the smallness of the ratios between the thickness h and the characteristic radius of curvature R of the shell middle surface and between h and the characteristic scale of change of the electroelastic state in the longitudinal directions l (see [29] and Section 5). We assume that
Additionally, we assume that
where τ is the characteristic scale of change of the functions w i and ϕ in time (see [29] ) and c the minimal velocity of plane waves in the piezoelectric materials under consideration. This means that we consider in this paper only statics or low-frequency vibrations of the functionally graded piezoelectric shell. By using the variational-asymptotic method, the two-dimensional action functional will be constructed below in which terms of the order h/R and h/l are neglected as compared with unity (the first-order or "classical" approximation).
In order to fix the domain of the transverse co-ordinate in the passage to the limit h → 0, we introduce the dimensionless co-ordinate
and transform the action functional to
Now h enters the action functional explicitly through the components of the strain tensor ε ab and the electric field E a ε αβ = w (α;β) − b αβ w − hζb λ (α w λ;β) + hζc αβ w,
Here and below, the semicolon preceding Greek indices denotes the covariant derivatives on the surface, while the parentheses surrounding a pair of indices the symmetrization operation. Note that the raising or lowering of indices of surface tensors will be done with the surface metrics a αβ and a αβ , b αβ and c αβ are the second and third fundamental forms of the surface, vertical bar followed by ζ indicates the partial derivative with respect to ζ and not with respect to x ζ .
Two-dimensional electro-elastic moduli
Before applying the variational-asymptotic procedure to functional (9) let us transform the electric enthalpy density to another form more convenient for the asymptotic analysis [27] . We note that, among terms of W (ε ab , E a ), the derivatives w α|ζ /h and w |ζ /h in ε α3 and ε 33 as well as E 3 = −ϕ |ζ /h are the main ones in the asymptotic sense. Therefore it is convenient to single out the components ε α3 and ε 33 as well as E 3 in the electric enthalpy density. We represent the latter as the sum of two quadratic forms W and W ⊥ corresponding to longitudinal and transverse electric enthalpy densities, respectively. These are defined by
Let us first find the decomposition (11) in the most general case of anisotropy [27] . Long, but otherwise simple calculations show that
, and q α (ζ) can be regarded as components of surface tensors referred to the basis vectors t α of the middle surface. We shall call them "two-dimensional" electroelastic moduli. They are evaluated in terms of the three-dimensional moduli by means of the formulas
where their dependence on the variable ζ is suppressed for short. Note that, as these tensors are referred to the basis {t α , n}, their components will depend on ζ through the shifter µ β α = δ β α − hζb β α even for homogeneous shells. However, it can be shown for the FGP-shell inhomogeneous in the normal direction that components of two-dimensional electroelastic moduli of any rank, denoted symbolically by A(ζ), possess the property
where A 0 (ζ) describe the physical inhomogeneity of the material and do not depend on the shifter (as in the case of FGP-plates with cartesian coordinates), while the factor O(h/R) in the second term is due to the shifter µ β α of the curvilinear coordinates solely. Therefore, when constructing 2-D shell theories having the error h/R as compared with unity, it can be assumed that A(ζ) = A 0 (ζ). Let us note certain special symmetry cases.
• • n-fold rotation axes that coincide with the normal to the middle surface. When n is even, all 2-D tensors of odd rank vanish
• Transverse isotropy. When properties of the piezoelectric material are invariant under rotations about the normal to the middle surface (model of a piezoceramic shell polarized along the normal with symmetry ∞ · m), it can be shown that all 2-D tensors of odd rank vanish; the tensor c αβγδ N has the form
and all the 2-D tensors of second rank are spherical.
Asymptotic analysis of the action functional
We restrict ourselves to the low frequency vibrations of the FGP-shell for which assumption (8) is valid. Based on this assumption we may neglect the kinetic energy density in the variational-asymptotic procedure. 5 Since there are two different cases of unelectroded and electroded faces of the shell, we shall do the asymptotic analysis for these cases separately.
Unelectroded faces.
We could start the variational-asymptotic procedure with the determination of the set N according to its general scheme [29] . As a result, it would turn out that, at the first step, the functions w and ϕ do not depend on the transverse co-ordinate ζ: w = u(x α , t), ϕ = ψ(x α , t); at the second step the function w ⋆ is a linear function of ζ; and at the next step w ⋆⋆ and ϕ ⋆⋆ are completely determined through u and ψ. Thus, the set N according to the variational-asymptotic scheme consists of functions u(x α , t) and ψ(x α , t). We will pass over these long, but otherwise standard, deliberations and make a change of unknown functions immediately.
We introduce the following functions
where . denotes the integration over ζ within the limits [−1/2, 1/2]. Functions u, u α correspond to the mean displacements of the shell, while ψ describes the mean electric potential. Now let us make the following change of unknown functions
Because of definitions (14) functions y, y α , and χ should satisfy the following constraints y = 0,
Equations (15) and (17) set up a one-to-one correspondence between w, w α , ϕ and the set of functions u, u α , ψ, y, y α , χ and determine the change in the unknown functions {w, w α , ϕ} → {u, u α , ψ, y, y α , χ}. Asymptotic analysis enables one to determine the order of smallness of y, y α , χ. If these terms are neglected, then (15) is a generalization of the wellknown Kirchhoff-Love hypotheses to a piezoelectric shell. The electroelastic state of a shell is then characterized by the measures of extension A αβ = u (α;β) −b αβ u, the measures of bending B αβ = u ;αβ +(u λ b λ (α ) ;β) +b λ (α u λ;β) −c αβ u and, finally, the surface electric field F α = −ψ ,α . We introduce the following notation
Consider a certain point of the middle surface Ω. The best constant l in the inequalities
is called the characteristic scale of change of the electroelastic state in the longitudinal directions. We define the inner domain Ω i as a subdomain of Ω in which the following inequalities hold:
We assume the domain Ω to consist of the inner domain Ω i and a domain Ω b abutting on the contour ∂Ω with width of the order h (boundary layer). Then functional (9) can be decomposed into the sum of two functionals, an inner one for which an iteration process will be applied, and a boundary layer functional. As in the theory of elastic shells, the boundary layer functional can be neglected in the first-order approximation. Therefore, the problem reduces to finding stationary points of the inner functional that can be identified with the functional (9) (Ω i ≡ Ω). We now fix u, u α , ψ and seek y, y α , χ. Substituting (15) into the action functional (9), we will keep in it the asymptotically principal terms containing y, y α , χ and neglect all other terms. The estimations based on the above inequalities lead to the asymptotic formulas
It is also easy to check that, within the first-order approximation,
According to formulas (19) and (20) the longitudinal electric enthalpy does not contain asymptotically principal terms containing y, y α , χ and can be neglected. Since the transverse electric enthalpy contains only the derivatives of y, y α , χ with respect to ζ, we drop the integration over Ω and t and reduce the thickness problem to finding extremal of the functional
We minimize functional (21) in y, y α and maximize in χ under constraints (17) . Obviously, the minimax value of I ⊥ is equal to zero and is attained at γ = γ α = F = 0. Integrating the equations
that follow from γ = γ α = F = 0 and taking constraints (17) into account, we obtain
Here and below, for any function f (ζ), I[f ] is the function of ζ defined by
Thus, according to this definition I[f ](ζ) = 0, and functions y, y α , χ from (22) fulfill constraints (17).
Electroded faces.
In this case the electric potential ϕ should obey constraints (7) . Consequently, we make another change of the unknown functions:
where ϕ α is given by (16) . Thus, the difference between (15) and (23) concerns only the first term of ϕ, where ϕ 0 ζ is substituted in place of ψ. In view of (7) we impose constraints
on functions y, y α , χ. Let us introduce the following notation
We define the characteristic scale of change of the electroelastic state in the longitudinal directions as the best constant l in the inequalities
and make the same assumption as in (18) . An estimation procedure analogous to the previous case leads to the following asymptotic formulas
that hold true within the first-order approximation. Fixing u, u α and substituting (23) into the action functional (9), we keep the asymptotically principal terms containing y, y α , χ. Since the obtained functional involves only the derivatives with respect to ζ, we drop the integration over Ω and t and reduce the thickness problem to finding extremal of the functional
under constraints (24) , where
Varying functional (26) with respect to y, y α , χ, we obtain the equations (c
where D is independent of ζ. Solving the first two equations of (30) with respect to γ and γ α , we obtain
with f (ζ) and k α (ζ) being taken from (13) . Substituting these formulas into the last equation and solving it with respect to F , we find that
.
From this equation follows
As χ(−1/2) = 0, we integrate the above equation to get
Now, the constant D can be found from the condition χ(1/2) = 0 giving
and, consequently,
We turn now to the equations for y and y α . Substituting F from above into the equations γ = f (ζ)F and γ α = k α (ζ)F and using (27) we obtain for y
and for y α
The integration of these equations taking into account the constraints (24) leads to
and
with I[f ] being defined as in the previous case. Finally, with D from (32) being plugged in (31), we obtain
6. Two-dimensional theory
Unelectroded faces.
In accordance with the variational-asymptotic method we take now the displacement field and the electric potential represented in (15) , where functions y α , y, and χ are given by (22) . We regard u(x α , t), u α (x α , t), and ψ(x α , t) as the unknown functions, with A αβ and B αβ describing the measures of extension and bending of the shell middle surface, respectively, and F α the average electric field in the longitudinal directions. We substitute this displacement and electric potential into the action functional (9). Since we construct the approximate theory admitting the error of order h/R, κ in (9) may be replaced by 1. If we keep only the principal terms containing the unknown functions in the average Lagrangian and integrate over the thickness, then the average kinetic energy density becomes
To compute the average electric enthalpy density we use the additive decomposition W = W + W ⊥ that leads to
On the fields (15) the average transverse electric enthalpy vanishes, while the principal terms of the average longitudinal electric enthalpy give
Thus, in contrast to the homogeneous piezoelectric shells, the FGP-shells exhibits in general the interaction between extension and bending due to the cross terms between A αβ and B αβ as will be seen below.
We formulate now the variational principle for the FGP-shell: the true average displacement fieldǔ(x α , t) and electric potentialψ(x α , t) of the FGPshell change in space and time in such a way that the 2-D average action functional
becomes stationary among all continuously differentiable functions u(x α , t) and ψ(x α , t) satisfying the initial and end conditions
and the constraints
The standard calculus of variation shows that the stationarity condition δJ = 0 implies the following two-dimensional equations
λβ . These equations are subjected to the free-edge boundary conditions
and constraints (40), with ν α being the components of the unit surface vector normal to the curve ∂Ω. For the clamped or simply supported edge, the natural boundary conditions in (42) must be replaced by the corresponding kinematical boundary conditions. The equations of motion (41) must be complemented by the constitutive equations
From (43) we see that, in general, the extension measures cause the bending moments, and the bending measures cause the membrane stresses. This is the cross effect mentioned above. Within the framework of the first-order approximation of 2-D shell theories one can choose different measures of bending according tõ
with C γδ αβ being a linear function of b αβ . For instance, the mostly used measures of bending ρ αβ , proposed by Koiter [19] and Sanders [43] , is related to B αβ by ρ αβ = B αβ − b γ (α A β)γ . The corresponding energy densities differ from each other by small terms of the order h/R compared with unity. Indeed, choosing for example KoiterSanders tensor ρ αβ instead of B αβ as the bending measures in the average electric enthalpy density (39) , one can show that the average electric enthalpy densities differ from each other by cross terms of the type µh 3 bAB. These terms are of the order h/R compared with unity, since, due to the CauchySchwarz inequality
Therefore, the average electric enthalpy densities are asymptotically equivalent within the first-order approximation.
To complete the 2-D theory of FGP-shells we should also indicate the method of restoring the 3-D electroelastic state by means of the 2-D one. To do this, the strain tensor field ε(x α , x, t) and the electric field E(x α , x, t) should be found from (15) and (22) . Using the asymptotic formulas (19) , (20) in combination with (21), we obtain
The stress tensor field σ(x α , x, t) and the electric induction field D(x α , x, t) are then determined by the 3-D constitutive equations. While doing so, it is convenient to use the decomposition (11) for the electric enthalpy density. Within the first-order approximation we find
All these formulas are accurate up to terms of the orders h/R and h/l of smallness. Note that
Electroded faces.
In this case we take the displacement field and the electric potential from (23), where functions y α , y, and χ are given by (35) , (36) , and (37), respectively. We regard u α (x α , t) and u(x α , t) as the unknown functions, with A αβ and B αβ describing the measures of extension and bending of the shell middle surface, respectively. We substitute this displacement and electric potential into the action functional (9) . Again, κ in (9) may be replaced by 1 within the first order approximation. If we keep only the principal terms containing the unknown functions in the average Lagrangian and integrate over the thickness, then the average kinetic energy density assumes exactly the same form (38) . To compute the average electric enthalpy density we use again the additive decomposition W = W + W ⊥ . As E α is negligibly small on the fields (23), we may neglect the last two terms of W in (12) 1 . Then
For the average transverse electric enthalpy density we substitute formulas γ = f (ζ)F , γ α = k α (ζ)F into (26) . This yields
With D from (32), we arrive at
Combining the average longitudinal and transverse electric enthalpy densities together, we obtain
Looking at (46) we recognize again the interaction and cross effects between extension, bending, and external electric field for the FGP-shells. The variational principle for the FGP-shell with electroded faces states that the true average displacement fieldǔ(x α , t) of the FGP-shell change in space and time in such a way that the 2-D average action functional
becomes stationary among all continuously differentiable functions u(x α , t) satisfying the initial and end conditions
Thus, this variational principle yields the same equations of motion and boundary conditions as in the theory of inhomogeneous elastic shells (equations (41) 1,2 and boundary conditions (42) 1,2,3 ). The only changes concern the constitutive equations obtained from the average electric enthalpy (46) .
For the FGP-shell we have
Similar to the previous case, one can use different bending measure in the average electric enthalpy (46) leading to the asymptotically equivalent governing equations. However, as shown by Le [22] , only some of those bending measures ensure the static-geometric analogy for 2-D shell theory.
The reconstruction of the 3-D electroelastic state by means of the 2-D one can be done in the similar manner. First, the strain tensor field ε(x α , x, t) and the electric field E(x α , x, t) should be restored in accordance with (25) . Using (33), we find that
Similarly, from (34) follows
For the non-zero component E 3 of the electric field we have
The stress tensor field σ(x α , x, t) and the electric induction field D(x α , x, t) are then determined by the 3-D constitutive equations. While doing so, it is convenient to use the decomposition (11) for the electric enthalpy density. Within the first-order approximation we find the components of the stress tensor field
For the components of the electric induction field we have
. (50) Note that
Again, these formulas are accurate up to terms of the orders h/R and h/l of smallness. It is easy to check that all equations and formulas in Sections 5 and 6 reduce to those of the homogeneous piezoelectric shells obtained by Le [27] and of the piezoelectric sandwich shells obtained by Le and Yi [30] .
Error estimation of the constructed 2-D theory
In this Section we shall use the identity found by Le and Yi [30] for inhomogeneous piezoelectric bodies to give an error estimate of the functionally graded piezoelectric shell theory constructed in the previous Section in the special case of statics.
We consider an inhomogeneous piezoelectric body occupying the threedimensional domain V in its undeformed state that stays in equilibrium under a fixed voltage. Concerning the boundary conditions for the mechanical quantities we assume that the boundary ∂V is decomposed into two subboundaries S k and S s . On the part S k the displacements vanish (clamped boundary) w = 0 on S k .
On the remaining part S s the traction-free boundary condition is assumed
Concerning the boundary conditions for the electric potential we assume that the boundary ∂V consists of n + 1 subboundaries S (1) e , . . . , S (n) e and S d . The subboundaries S (1) e , . . . , S (n) e are covered by electrodes with negligible thickness. On these electrodes the electric potential is prescribed
On the uncoated portion S d of the boundary we require that the surface charge vanishes
We introduce the linear vector space of electroelastic states that consists of elements of the form Ξ = (σ, E), where σ is the stress field and E is the electric field; both fields are defined in the three-dimensional domain V occupied by the piezoelectric body. In this space we introduce the following energetic norm
where function G(x, σ, E) is the density of the complementary energy (or Gibbs function) of the inhomogeneous piezoelectric body. In the index notation G(x, σ, E) reads
Since the complementary energy density G(x, σ, E) is positive definite, the definition (51) is meaningful. We call "kinematically admissible" those electroelastic statesΞ for which the compatible strain fieldε and the electric induction fieldĎ exist such thať
whileσ andĚ are expressed in terms ofε andĎ by the constitutive equations equivalent to (6) . We call those electroelastic statesΞ "statically admissible",
e , i = 1, . . . , n. LetΞ = (σ,Ẽ) be the true electroelastic state that is realized in an inhomogeneous piezoelectric body staying in equilibrium under the given (time-independent) values of the electric potential ϕ (i) on the electrodes. Then the following identity
turns out to be valid for arbitrary kinematically and statically admissible fieldsΞ andΞ. This identity generalizes the well-known Prager-Synge identity [38] to the statics of inhomogeneous piezoelectric bodies. It implies that 1 2 (Ξ +Ξ) may be regarded as an "approximation" to the true solution in the energetic norm, provided the complementary energy associated with the difference 1 2 (Ξ −Ξ) is "small". In this case we may also consider each of the fieldsΞ orΞ as an "approximation", in view of the inequalities
which follow easily from (52) . For homogeneous piezoelectric bodies the identity (52) has been proven in [27] , while for inhomogeneous piezoelectric bodies it has been established in our recent paper [30] .
Based on (52) the following error estimate can be established.
6
Theorem. The electroelastic state determined by the 2-D static theory of functionally graded piezoelectric shells differs in the norm L 2 from the exact electroelastic state determined by the 3-D theory of piezoelectricity by a quantity of the order h/R + h/l as compared with unity.
To prove this theorem it is enough to find out the kinematically and statically admissible 3-D fields of electroelastic states that differ from the electroelastic state determined by the 2-D theory by a quantity of the order h/R + h/l as compared with unity. Below we shall construct these fields for the two cases of unelectroded and electroded faces separately.
Unelectroded faces.
Construction of kinematically admissible field. We specify the kinematically admissible displacement field in the form
where ϕ α = u ,α + b µ α u µ , while y(x α , x) and y α (x α , x) are given by (22) . Here and below, all quantities without the superscriptsˆandˇrefer to the solution of the equilibrium equations of FGP-shells obtained by the constructed two-dimensional theory. The components of the strain tensor are calculated according to the exact 3-D kinematic formulas (10) . Assume that the 2-D electroelastic state is characterized by the strain amplitude ε = ε A + ε B , and the quantity f F defined in Section 5 is expressed through ε by f F = cε, with c a constant. The asymptotic analysis similar to that given in Section 5 shows thatε (
with ε(x α , x) from (44). We choose the componentsĎ α of the electric induction field to be equal to D α /κ, with D α from (45) 3 . The componentsĎ 
subject to the boundary conditionsĎ 3 = 0 at x = ±h/2. Due to the above choice forĎ α equation (53) yields an unique solutioň
that satisfies the boundary conditions at x = ±h/2 (the conditionĎ 3 = 0 at x = h/2 is fulfilled because of the 2-D equation of electrostatics G α ;α = 0). Note that the constructed fieldĎ(x α , x) does not satisfy the exact boundary conditionĎ α κν α = 0, posed at the portion c d × [−h/2, h/2] of the edge, but satisfies it only on "average", i.e.
For simplicity of the proof we further assume that the 3-D boundary conditions at the edge of the shell agree with the inner expansion of the electroelastic state (the so-called regular boundary conditions). Then the electric induction fieldĎ(x α , x) constructed above is kinematically admissible. For irregular boundary conditions we have to take into account an additional electric induction field that differs substantially from zero only in a thin boundary layer at the shell edge. Since the energy of this boundary layer is of the order h/l compared with that of the inner domain, one can easily generalize the proof of the theorem to this case.
Knowing (ε,Ď), we findΞ = (σ,Ě) from the constitutive equations equivalent to (6) 
Construction of statically admissible field. We write down the exact 3-D equilibrium equations for a shell in the form (cf. [29] )
Note thatτ αβ is unsymmetric. To find the statically admissible stress field σ(x α , x) satisfying (54) and the traction-free boundary conditions
we proceed as follows. We decompose the stress tensor field σ αβ (x α , x) from (45) 1 into the sum
We chooseσ αβ (x α , x) as followŝ
It is easily seen that
where . x = .dx/h. Besides, due to the property of λ α β (x) and κ(x) we haveσ
Solving (54), (55) 
From the first and the last equations of (57) it follows that (µ (55) are satisfied at x = −h/2, then after the integration they will also be satisfied at x = h/2. Not showing the cumbersome solution of (54), we note only thatσ α3 ,σ
Concerning the statically admissible electric fieldÊ(x α , x) we specify its potential byφ (
with χ(x α , x) from (22) . Then
with E(x α , x) from (44) 3 . Note that the statically admissible field (σ,Ê) constructed above satisfies only the regular boundary conditions at the shell edge, exactly as in the previous case.
Electroded faces.
Construction of kinematically admissible field. The displacement field w(x α , x) is taken as in (23), with y(x α , x) and y α (x α , x) from (35) and (36), respectively. The components of the strain tensor field are calculated according to (10) . Assume that the 2-D electroelastic state is characterized by the strain amplitude ε = ε A + ε B . The asymptotic analysis similar to that given in Section 5 shows thať
with ε(x α , x) from (48) and (49). We choose the componentsĎ α of the electric induction field to be zero, whilě
with D 3 (x α ) from (50) . It is easy to see thatĎ(x α , x) satisfies the exact 3-D equation of electrostatics
and, due to the property of κ,
Knowing (ε,Ď), we findΞ = (σ,Ě) from the constitutive equations equivalent to (6) .
Construction of statically admissible field. The statically admissible electric fieldÊ(x α , x) is derivable from its potential
with χ(x α , x) from (31) . Then
The tensor fieldσ(x α , x) is constructed in the same way as in case (i), and the asymptotic formulaσ(x α , x) = σ(x α , x) + O(h/l)ε can be proved in a similar manner.
From this construction we see thatΞ andΞ differ from those found by the 2-D theory by a quantity of the order h/R and h/l as compared with unity. We have thus established the asymptotic accuracy of the electroelastic state determined by the 2-D theory in the energetic norm (51) . Note, however, that this error estimation does not alway guarantee the accuracy of the displacements. The reason is that in some problems A αβ ≫ B αβ , so the bending measures belong to the category of small correction terms [7] . The first order approximate 2-D shell theory cannot determine the correction terms accurately, and consequently, the accuracy in determining displacements could be achieved only in the refined shell theories. In this Section we illustrate the application of the theory to the problem of forced axisymmetric vibration of a functionally graded piezoceramic cylindrical shell with thickness polarization fully covered by the electrodes. We refer the middle surface of the circular cylindrical shell having the radius R and the length 2L to the curvilinear coordinates {x 1 , x 2 }, where x 1 ∈ (−L, L) is directed along the cylinder axis, while x 2 = Rθ is the circumferential coordinate (see Fig. 3 ). When this FG piezoceramic shell is subjected to an oscillating voltage, the electric field occurs causing its axisymmetric vibration for which u 2 = 0, while u 1 and u do not depend on x 2 . Under this condition the measures of extension and bending are given by
Axisymmetric vibration of cylindrical FGP-shells
Since the piezoceramic material with the thickness polarization possesses the transverse isotropy, all the 2-D tensors of electroelastic moduli of odd rank vanish, in particular e αβγ N = 0. Besides,
The coefficients c 
where Voigt's abbreviated index notation is used for the 3-D electroelastic moduli standing on the right-hand sides of (58) [29] . Substituting the above formulas into the 2-D action functional (47) and taking into account that u 1 and u do not depend on x 2 , we reduce it to
where the following short notations for the coefficients are used
Varying functional (59), we obtain the Euler equation
For the free edges of the shell we have the following boundary conditions at
The voltage ϕ 0 (t) is assumed to depend harmonically on t, ϕ 0 (t) =φ 0 cos(ωt), so that solutions of (61), (62), (63) can be sought in the form
Introducing the dimensionless variable and quantities
this system can be transformed to the differential equationŝ
with prime denoting the derivative with respect to ζ 1 . The boundary conditions at ζ 1 = ±l = ±L/R becomê 
It is easy to see that the symmetric solutions of (64) and (65) are given byû
where κ Then the amplitude of the total charge on one of the electrodes is equal to According to the solution of this problem the resonant frequencies are the roots of the determinantal equation
The antiresonant frequencies should be found from the condition that the total charge vanishes givinḡ For the numerical simulations we use as an example an FG piezoceramic material, whose 3-D electroelastic moduli vary in the thickness direction according to [40] M(ζ) = M P ZT (1/2 − ζ)
where λ is the gradient index, M indicates any component of 3-D electroelastic moduli, while M P ZT and M ZnO are the corresponding material constants of PZT-4 and ZnO presented in Table 1 (with the unit for c E ab being 10 10 N/m 2 , e ia -C/m 2 , ǫ S ij -10 −11 F/m, and ρ -kg/m 3 ) [9] . With these material data we compute the numerical values of constants used in this 2-D problem in accordance with (58), (69), and (60). The results of numerical simulations are shown in Figures 4 and 5 , where we took h * = 0.1. Figure 4 plots the typical dispersion curves (for λ = 1) which correspond to three different roots κ 1 , κ 2 , κ 3 (up to their sign) of equation (66) for each ϑ. We observe that in (0, ϑ * ) there are two complex conjugate roots and one real root, in (ϑ * , 1) two imaginary roots and one real root, and in the remaining region of ϑ two real roots and one imaginary root. The dash lines in Figure 4 correspond to the real and imaginary parts of the same curve in the complex plane of κ. Figure 5 shows the first resonant and anti-resonant frequencies of axisymmetric vibrations as functions of the halflength to radius ratio l = L/R for λ = 0 (homogeneous PZT-4 piezoceramic material) and λ = 0.5 (FGP-material). To minimize the numerical errors in solving the equation (67) and computing the determinant (68), the sine and cosine functions in the matrix C ij should be normalized by e d i l , with d i being the positive real parts of the roots. It is interesting to observe the strong difference in behavior of the resonant and anti-resonant frequencies of the FGP-shell as compared to those of the homogeneous piezoceramic shells. For FGP-shell the anti-resonant frequency is nearly insensitive to the change of l and lies much higher above the resonant one. Note also that for λ = 0 these frequencies coincide with those found by Le [29] .
Conclusion
It is shown in this paper that the rigorous first order approximate 2-D theory of thin FGP-shells can be derived from the exact 3-D piezoelectricity theory by the variational-asymptotic method. The electroelastic fields of the FGP-shell vary through the thickness and differ essentially from those of the homogeneous piezoelectric shell. The error estimation for the constructed 2-D theory is established that enables one to apply this theory to the vibration control of thin FGP-shells.
